Let f : X → B be a nonisotrivial complex elliptic surface and let D ⊂ X be an integral divisor dominating B. We study finiteness related properties of generalized (S, D)-integral sections σ : B → X of X. These integral sections σ correspond to rational points in A(K) which satisfy the set-theoretic condition f (σ(B) ∩ D) ⊂ S, where S ⊂ B is an arbitrary given subset. For S ⊂ B finite, the set of (S, D)-integral sections of X is finite by the well-known Siegel theorem. In this article, we establish a general quantitative finiteness result of several large unions of (S, D)-integral sections in which both the subset S and the divisor D are allowed to vary in families where notably S is not necessarily finite nor countable. Some applications to generalized unit equations over function fields are also given.
Introduction
Notations. We fix throughout a compact Riemann surface B of genus g. Denote K = C(B) its function field. For every complex space X, the pseudo Kobayashi hyperbolic metric on X is denoted by the symbol d X (cf. Definition 2.3). Discs in Riemannian surfaces are assumed to have sufficiently piecewise smooth boundary. The symbol # stands for cardinality.
1.1. Generalized integral points. In this paper, we investigate finiteness related properties of certain unions of generalized integral points in elliptic curves over function fields. The general definition is as follows. Definition 1.1 ((S, D)-integral point and section). Let f : X → B be a proper flat morphism. Let S ⊂ B be a subset (not necessarily finite) and let D ⊂ X be a subset (not necessarily an effective divisor). A section σ : B → X is said to be (S, D)-integral if it satisfies the set-theoretic condition (cf. Figure 1) :
For every P ∈ X K (K), let σ P : B → X be the corresponding section. Then P is called an (S, D)-integral point of X K if the section σ P is (S, D)-integral.
B σ X f D S Figure 1 . An (S, D)-integral section σ
The above notion of generalized integral points and sections are introduced and studied in a more general context of families of abelian varieties in [22] . It is not hard to see that Definition 1.1 generalizes the notion of integral solutions of a system of Diophantine equations when the subsets S ⊂ B are finite (cf., for example, [21, Introduction] ).
Let d be a Riemannian metric on B, the following general quantitative result is shown in [22] which generalizes a theorem of Parshin in [20] . Theorem 1.2. Let A/K be an abelian variety with a model f : A → B. Let D ⊂ A be the Zariski closure of an effective ample divisor D ⊂ A. Assume that D does not contain any translate of nonzero abelian subvarieties of A. Let ε > 0. There exists a finite union of disjoint closed discs Z ε ⊂ B with vol d Z ε < ε satisfying the following. Let W be a finite union of disjoint closed discs in B disjoint to Z , let B 0 = B \ (W ∪ Z ε ). There exists m > 0 such that: (*) For I s (s ∈ N) the union of (S, D)-integral points of A over all subsets S ⊂ B such that # (S ∩ B 0 ) ≤ s, we have:
Here, a model of A means a Néron model or a proper flat morphism A → B such that A K A and rank π 1 (B 0 ) ∈ N denotes the minimal number of generators of π 1 (B 0 ).
Let the notations be as in Theorem 1.2. The trace Tr k(C)/k (A)(C) of A (cf. [3] , [4] ) acts naturally on A(K) = A(B) by translations. If A/K is a nonisotrivial elliptic curve, its trace is zero and the condition D not containing any translate of nonzero abelian subvarieties is empty. In this case, Theorem 1.2 shows that the union I s of (S, D)-integral points is finite and grows at most as a polynomial in terms of s. We remark moreover that the growth order 2 dim A. rank π 1 (B 0 ) in Theorem 1.2 is a reasonably optimal order that one can possibly expect in general (cf. [22, Remark 1.10] ).
Classical approaches via height theory can establish the finiteness as well as the polynomial growth of I s only when the set W ∪ Z ε in Theorem 1.2 is finite. This is the content of the generalized Siegel theorem over function fields (cf. [16] ) for integral points of bounded denominators (cf., for example, [23, Corollary 1.7] , [25, 2.9] ). While the intersection height theory works over an arbitrary field (cf. [9] ), the best we can obtain with this tool is a uniform bound on the intersection multiplicities (as in [2] , [13, Theorem 0.6] , [19] ). For this reason, whenever S is infinite, the height with respect to the divisor D of an (S, D)-integral point, which is the sum of the intersection multiplicities over S, cannot be simply bounded using the uniform bound on the intersection multiplicities.
1.2. Main result. In this article, we develop the technique studied in [22] in the case of elliptic curves. It turns out that we can obtain in this situation a very strong property on the finiteness of certain unions J s "twice larger" than I s (cf. (1.2)) consisting of (S, D)integral points in which both the set S and the divisor D are allowed to vary in families. Moreover, it is shown that the growth of J s in terms of s is still at most polynomial of degree 2π 1 (B 0 ) as in Theorem 1.2. Recall that an effective divisor D on a fibered variety
Our setting is as follows.
Setting (E). Fix a nonisotrivial elliptic surface f : X → B. Denote by T ⊂ B the type of X, i.e., the finite subset above which the fibres of f are not smooth. LetZ be a smooth complex algebraic variety. Let D ⊂ X ×Z be an algebraic family of relative horizontal effective Cartier divisors. Assume that D → B ×Z is flat. Let Z ⊂Z be a relatively compact subset with respect to the complex topology. The first main result of the article is the following (cf. Section 4).
Theorem A. Let the notations and hypothesis be as in Setting (E). Consider any finite union of disjoint closed discs V ⊂ B containing T such that distinct points in T are contained in different discs. For each s ∈ N, the following union of integral points
is finite. Moreover, there exists m > 0 such that for every s ∈ N, we have:
Remark 1.3. In fact, the exact same proof of Theorem A presented in this article shows that the conclusion of Theorem A also holds when X → B is an isotrivial elliptic surface, up to replacing #J s by #(J s mod Tr K/C (X K )(C)).
The proof of Theorem A is a combination of the hyperbolic-homotopic method developed in [22] with a technical Lemma 3.1 which controls locally the hyperbolic metric on certain smaller subsets of X \ D z when z varies. In particular, our proof does not use the usual height theory and thus no height bound is established. Remark 1.4. By the miracle flatness theorem (cf. [27, Lemma 00R4], [18, Theorem 23.1]), the condition requiring D → B ×Z to be flat in Setting (E) is equivalent to the condition saying that for every z ∈Z, the divisor D z contains no vertical components (or also by [17, Proposition 3.9 ] since B is an algebraic curve).
Theorem A can be seen as a certain generalization of the following theorem of Hindry-Silverman (cf. [13, Theorem 0.6])) which is obtained using the Néron-Tate height theory.
Theorem (Hindry-Silverman). Let (O) be the zero section in X and r = rank X K (K). There exists an explicit function c(g) > 0 such that:
The above result of Hindry-Silverman holds when B is defined over any algebraically closed field k of characteristic 0. But in the case k = C, our Theorem A gives a much stronger finiteness result without losing the polynomial bound of reasonable degree order.
To conclude, some applications to generalized integral sections on ruled surfaces (cf. Theorem B) and to generalized unit equations over function fields (cf. (5.2), Corollary 5.6, Corollary 5.8) are also given in Section 5.
The hyperbolic-homotopic height machinery
We collect and formulate in this section the tools that are necessary for the article.
2.1. The homotopy reduction step of Parshin. We continue with the notations as in Setting (E). We can suppose without loss of generality that X K [n] ⊂ X K (K) for some integer n ≥ 2. Let U be a disjoint union of closed discs in B such that any two distinct points in T are contained in different discs.
Since X B 0 → B 0 is a proper submersion, it is a fibre bundle by Ehresmann's fibration theorem (cf. [5] ). It follows that we have an exact sequence of fundamental groups induced by the fibre bundle X b 0 → X B 0 → B 0 of K(π, 1)-spaces:
To fix the ideas, w 0 is chosen here and in the rest of the article to be the zero point of X b 0 , which also lies on the zero section of X B 0 .
We fix a collection of smooth geodesics l w 0 ,w : [0, 1] → X b 0 on the torus X b 0 such that l w 0 ,w (0) = w 0 and l w 0 ,w (1) = w. Every (analytic or algebraic) section σ P : B 0 → X B 0 gives rise to a section i P : π 1 (B 0 , b 0 ) → π 1 (X B 0 , w 0 ) of the exact sequence (2.1) as follows. Given any loop γ of B 0 based at b 0 , we define the section i P by the following formula:
Note that as oppose to the composition of homotopy classes, we concatenate oriented paths as maps as above, so the order reverses. The quantitative version of the homotopy reduction step of Parshin can now be stated in our context as follows:
Proposition 2.1. Let the notations be as in Setting (E) and let U ⊂ B be a disjoint union of closed discs in B such that any two distinct points in T are contained in different discs. Every section i of the exact sequence (2.1) is induced by at most t X = #X K (K) tors rational points P ∈ X K (K) as in the definition (5.7).
Proof. cf. [22, Proposition 9.2] , see also [20, Proposition 2.1] . More details and description can be found in [21] .
2.2.
Hyperbolic height on Riemann surfaces. One of the key ingredients in the proof of Theorem 1.2 in [22] is the following linear bound on the hyperbolic length of loops in various complements of a Riemann surface. Let U be any finite union of disjoint closed discs in the Riemann surface B and denote B 0 := B \ U . It is shown in [22] that:
Theorem 2.2. For every free homotopy class α ∈ π 1 (B 0 ), there exists L > 0 with the following property. For any finite subset S ⊂ B 0 , there exists a piecewise smooth loop γ ⊂ B 0 \ S which represents the free homotopy class α in B 0 and satisfies:
Recall that d B 0 \S denotes the intrinsic Kobayashi hyperbolic metric on B 0 \ S (cf. Definition 2.3) 2.3. Metric properties of hyperbolic manifolds. In this section, we collect some fundamental properties of the pseudo Kobayashi hyperbolic metric and of hyperbolic manifolds due to Green. Let X be a complex manifold. The pseudo Kobayashi hyperbolic metric d X : X × X → X is defined as follows. Let ρ be the Poincaré metric on the unit disc ∆ = {z ∈ C : |z| = 1}. Let x, y ∈ X. Consider the data L consisting of a finite sequence of points x 0 = x, x 1 , . . . , x n = y in X, a sequence of holomorphic maps f i : ∆ → X and of pairs (a i , b i ) ∈ ∆ 2 for i = 0, . . . , n such that f i (a i ) = x i and f (b i ) = x i+1 . Let H(x, y; L) = n i=0 ρ(a i , b i ). Definition 2.3 (cf. [14] ). For x, y ∈ X, we define d X (x, y) := inf L H(x, y; L).
X is called a hyperbolic manifold if d X (x, y) > 0 for all distinct points x, y ∈ X, i.e., when d X is a metric. The fundamental distance-decreasing property (cf. [15, Proposition 3.1.6]) can be stated as follows:
A complex space X is said to be Brody hyperbolic if it does not contains entire curves, i.e., there is no nonconstant holomorphic maps C → X. Then X \ D is hyperbolic and we have d X\D ≥ ρ| X\D for some Hermitian metric ρ on M . In particular, if M is compact and λ is any Riemannian metric on |M | then there exists c > 0 such that d X\D ≥ cλ| X\D .
Proof. See [11, Theorem 3] .
Remark 2.6. Let X be a smooth complex manifold. Let ∆(0, R) = {z ∈ C : |z| < R} for every R > 0. The infinitesimal Kobayashi-Royden pseudo metric λ X on X corresponding to the Kobayashi pseudo hyperbolic metric d X can be defined as follows. For x ∈ X and every vector v ∈ T x X, λ X (x, v) := inf 2/R, where the minimum is taken over all R > 0 for which there exists a holomorphic map f :
Thanks to the distance-decreasing property of the pseudo-Kobayashi hyperbolic metric, we have the following important property of sections.
A key technical lemma
For the proof of Theorem A, we fix a Hermitian metric ρ on the smooth surface X. It is clear that we can assumeZ integral. Define B 0 := B \ V and fix a system generators α 1 , . . . , α k consisting of free homotopy classes of the fundamental groupoid π 1 (B 0 ). For a complex space Y , the symbol d Y always denotes the Kobayashi hyperbolic pseudo-metric on Y (cf. Definition 2.3).
The proof of Theorem A is based on the following key technical lemma which is of local nature. The main idea is the following. For each z ∈Z, the hyperbolic metric on (X \ D z )| B 0 dominates the Hermitian metric ρ by Green's theorem 2.5 up to a certain strictly positive factor. When z varies inZ, these factors vary as well and may a priori tend to 0. The point of Lemma 3.1 below is that for z in a small neighborhood ofZ, we can, up to restricting further (X \ D z )| B 0 over some fixed nice complement of B 0 (cf. Property (b) below), these factors are in fact bounded below by a strictly positive constant (cf. Property (P) below). Lemma 3.1. Let the notations be as in Theorem A. Let ε > 0. Then there exists M > 0 such that for each z i ∈Z, we have the following data:
with the following property:
We remark first a standard lemma. 
Proof. Since X y is finite and reduced and f is flat, every point x ∈ X y is a smooth point of f since we are in characteristic 0 (cf. [17, Lemma 3.20] ). Since Y is regular, we deduce from the open property of smooth morphisms (cf. [10, Definition 6.14]) that every point of X y is a regular point of X (cf. [17, Theorem 4.3 .36]). Since dim X = dim Y and Y is a smooth manifold, [10, Definition 6.14] implies that the map f is submersive at each point of the fibre X y . Let S ⊂ X be the set of singular points of X (i.e., where X is not locally a manifold) and let S ⊂ X be the set where f is not submersive. Since f is
For ease of reading, we mention here the following key theorem of Brody: 
Proof. See Brody's reparametrization lemma, page 616 in [11] or [1] .
For the proof of Lemma 3.1, we claim first that there exists N > 0 such that the total number of irreducible components (counted with multiplicities) of each effective divisor D z is at most N for every z ∈Z. Indeed, let H be any ample divisor on X then C · H ≥ 1 for every irreducible curve C ⊂ X. Remark that the divisors D z are all algebraic equivalent (sinceZ is integral hence connected by curves) thus numerically equivalent. Therefore, N := D z · H is a constant independent of z ∈Z. By the linearity of the intersection pairing, the above two remarks clearly show that the total number of irreducible components (counted with multiplicities) of D z is at most N as claimed.
For each z ∈Z, notice that the effective divisor D z contains only horizontal components with respect to the fibration f : X → B by Remark 1.4. We denote by (D z ) red the induced reduced scheme structure of D z . By the adjunction formula, we find that for the ramified cover of algebraic curves π z : (D z ) red → B implies that for all z ∈Z:
Let T z ⊂ B be the image in B of the union of the ramification points of π z and of the singular points of (D z ) red . It follows that T z is finite and we have:
We can now return to the proof of Lemma 3.1.
Proof of Lemma 3.1. Let us fix ε > 0 sufficiently small and z i ∈Z. Clearly, we can choose
To show the existence of U i and c i so that (i) is satisfied, we suppose the contrary. Hence, by the continuity of ρ on the compact unit tangent space of X, there would exist a sequence (z n ) n≥1 ⊂Z such that z n → z i in the analytic topology and a sequence of holomorphic maps h n : ∆ Rn → Y zn such that R n → ∞ and |dh n (0)| ρ > 1. Here, ∆ R ⊂ C denotes the open disc of radius R in the complex plane. By Brody's reparametrization lemma (Theorem 3.3), we obtain a sequence of holomorphic maps g n : ∆ Rn → Y zn such that |dg n (0)| ρ = 1 and |dg n (z)| ρ ≤ R 2 n /(R 2 n − |z| 2 ) for all z ∈ ∆ Rn . In particular, |dg n (z)| ρ ≤ 4/3 for all z ∈ ∆ Rn/2 . It follows that the family (g n ) n≥1 is equicontinuous with image inside the compact space X| B 0 \V i . By the Arzela-Ascoli theorem, we deduce, up to passing to a subsequence, that (g n ) n≥1 converges uniformly on compact subsets of C to a map g : C → X| B 0 \V i . A standard argument using Cauchy's theorem and Morera's theorem shows that g is a holomorphic map and we also have |dg(0)| ρ = 1.
Consider the holomorphic composition map π•g : C → B 0 \V i . Since B 0 \V i is hyperbolic, it is Brody hyperbolic and thus the map π •g is a constant b * ∈ B 0 \V i . Remark that B ×Z is smooth and D → B ×Z is a proper flat morphism of relative dimension 0 by hypotheses. Since moreover the fibre of D red over (b * , z i ) is reduced and finite, we can apply Lemma 3.2. It follows that there exists a constant λ ∈ N, a small analytic open disc ∆ ⊂ B 0 \ V i containing b * and a small analytic connected open neighborhood U i of z i inZ such that D| ∆×U i → ∆ × U i is anétale cover of degree λ. Up to shrinking ∆ and U i , we can suppose that D| ∆×U i consists of λ disjoint connected components. In particular, D z | ∆ → ∆ is ań etale cover consisting of disjoint λ-sheets for every z ∈ U i .
Fix a connected component D 0 of D| ∆×U i . We thus obtain a family of 1-sheeted covers
z → ∆ is thus holomorphic and bijective for every z ∈ U i . Since every injective holomorphic map is biholomorphic to its image (cf. [24, Theorem 2.14, Chapter I]), we deduce that the map s z :
We can write X ∆ ⊂ P 2 × ∆ as defined by the Weierstrass equation:
where A(t), B(t) are holomorphic functions on ∆ such that the discriminant 4A 3 + 27B 2 does not vanish on ∆ (since ∆ ∩ T = ∅ where we recall that T ⊂ B is the finite subset above which the fibres of f are not smooth).
We can thus write s z (t) = (u(t, z), v(t, z)) where u, v : ∆ × U i → C are holomorphic functions. Since the translation maps on the elliptic fibration X ∆ are algebraic thus holomorphic, the maps Ψ z : X ∆ → X ∆ given by the translations by s z − s z i :
form a smooth family of biholomorphisms commuting with the map f : X ∆ → ∆.
Since g n → g uniformly on compact subsets of C and Im(g) ⊂ f −1 (b * ), we can, up to passing to a subsequence with suitable restrictions of domains of definitions, suppose that Im(g n ) ⊂ X ∆ and that the holomorphic maps g n : ∆ Rn → X ∆ \ D zn still satisfy the properties:
R n → ∞, |dg n (0)| ρ = 1. Consider now the sequence of holomorphic maps f n := ψ zn • g n : ∆ Rn → X ∆ \ D z i into the fixed space X ∆ \ D z i . Then by the smoothness of the family of biholomorphisms (ψ z ) z∈U i and the compactness of the ρ-unit tangent bundle of X, there exists a constant c > 1 such that c −1 ≤ |df n (0)| ρ ≤ c, for all n ≥ 1. Since R n → ∞, Remark 2.6 then implies immediately a contradiction to the fact that X ∆ \ D z i is hyperbolically embedded in X ∆ = f −1 (∆) (for the Hermitian metric ρ| f −1 (∆) ) by Green's theorem 2.5. To check the latter fact, it suffices to remark that∆, thus D z i |∆ are Brody hyperbolic and moreover, the fibres of X∆ \ (D z i |∆) are also Brody hyperbolic.
Hence, the existence of the data in (a), (b) and (c) such that (P) is satisfied.
Proof of the main result
We can now return to the proof of Theorem A.
Proof of Theorem A. We have defined B 0 = B \ V at the beginning of Section 3 and we have fixed a system of simple generators α 1 , . . . , α k of the fundamental group π 1 (B 0 ) with fixed based point. Recall that Z is a compact subset ofZ with respect to the complex topology. Fix ε > 0 sufficiently small. We can enlarge slightly the discs in V if necessary. Then we obtain a constant M > 0 and a set of data (U i , V i , c i ) for each element z i ∈ Z as in Lemma 3.1. We have obviously an open covering Z ⊂ ∪ z i ∈Z U i of Z. Since Z is compact, there exists a finite subset Z * ⊂ Z such that Z ⊂ ∪ z i ∈Z * U i . As c i > 0 for every z i ∈ Z by Lemma 3.1, we can define
Since the V i 's are union of disjoint closed discs, they are contractible. Hence, we have a canonical inclusion
For every z i ∈ Z * , we denote by L i > 0 the maximum of the constants given by Theorem 2.2 applied to the the compact Riemann surface B and the disjoint union of closed discs W i and to each free homotopy classes α 1 , . . . , α k viewed as elements of π 1 (B i ). We define:
By the definition of the constant L i and by Theorem 2.2 applied to B i , there exists b i ∈ B i and a system of loops γ 1 , . . . , γ k based at b i representing respectively the homotopy classes α 1 , . . . , α k up to a single conjugation such that γ j ⊂ B i \ S and that
Now, let σ P : B → X be the corresponding section of the rational point P . For every j ∈ {1, . . . , k}, we have
This is true because P is (S, D z )-integral so that σ P (γ j ) cannot intersect D z outside of f −1 (S) and because γ j ⊂ B i \ S. It follows that:
Remark that the second inequality in the above follows from Lemma 2.4 and from the definition
Now let δ be the diameter of X B 0 ∪∂B 0 with respect to the metric ρ. Remark that by hypothesis, distinct points of the non smooth locus T ⊂ B of f are contained in distinct discs of V . It follows that the homotopy section i P (cf. (5.7)) associated to the rational point P of the short exact sequence (2.1) associated to the points 0, ∞ ∈ P 1 (K); Definition 5.2. Let D ⊂ X be an effective divisor and let R ⊂ B be a subset. We say that a point
Equivalently, the image of every meromorphic function x ∈ O * S (B 0 , ε) on B does not meet the ε-neighborhoods of 0 and ∞ in
. The main result of this section is the following quantitative finiteness result for large unions of generalized integral points on rational curves over function fields.
Theorem B. LetZ be a smooth complex algebraic variety and Z ⊂Z a compact subset with respect to the complex topology. Suppose that D ⊂ X ×Z is a family of effective divisors such that D → B ×Z is flat and D z is not contained in (0) ∪ (∞) for every z ∈Z. For every r ∈ N and ε > 0, the following union of integral points:
Moreover, there exists a constant m > 0 such that:
The proof of Theorem B given in Section 5.3 will follow closely the steps in the proof of Theorem A. It might be helpful to first consider the following counter-example explaining why we cannot take the whole set of S-units O * S , i.e., ε = 0, in the union J r,ε .
Example 5.5. Let the notations and hypotheses be as in Theorem B. Assume moreover that B = CP 1 is the Riemann sphere and that S = {0, ∞}. Let t be the inhomogenous coordinate on P 1 then O * S = C * .{t n : n ∈ Z} = {ct n : c ∈ C * , n ∈ Z}. Suppose also that Z =Z = {·} and D = (1) ⊂ X is the section induced by 1 ∈ K.
For every n ∈ Z, we define c n = 2 sup t∈B 0 |t n | −1 . Then c n > 0 and is a finite number since B 0 ⊂ CP 1 is a complement of a finite union U ∪ V of closed discs with nonempty interior containing 0 and ∞. It follows that 0 < |c n t n | < 1 for all t ∈ B 0 . Therefore, for each n ∈ Z, x n := c n t n ∈ O * S is (R, D)-integral in X in the sense of Definition 5.3 where R = U ∪ V . In particular, {x n : n ∈ Z} ⊂ J r,0 for all n ∈ Z and r ∈ N. However, {x n : n ∈ Z} modulo C * is Z and thus J r,0 is infinite. Remark that there exists t 0 ∈ B 0 ⊂ C such that |t 0 | = 0, 1. Hence, if |t 0 > 1, we see that c n → 0 when n → −∞. Otherwise, if 0 < |t 0 | < 1 then c n → 0 as n → +∞.
Therefore, it is necessary to restrict to the union of integral points J r,ε where ε > 0 to obtain a finiteness result as in Theorem B.
5.2.
Some applications to generalized unit equations. We illustrate in this section several applications of Theorem B in a context generalizing the classical S-unit equations (cf. [6] , [7] , [8] ).
Let D S := b∈S [b] be the effective divisor of B associated to the finite subset S ⊂ B. Let r ∈ N, consider the following subset of K: For integers n ≥ 1, r ≥ 0 and a real number ε > 0, we consider the Diophantine equation
with (x, y, z) ∈ K 3 satisfying the following conditions:
In other words, we consider the union of solutions (x, y)
In Consider the flat family of divisors D ⊂ X ×Z given by the image of the algebraic section
For each z ∈Z ⊂ K * , let (z) ⊂ X be the induced section of the projection f : X → B. It is clear that (z) = D z ⊂ (0) ∪ (∞) for every z ∈Z by the construction of D. Now let z ∈Z ⊂ K * , x ∈ O * S (B 0 , ε) and y = z − x. It is not hard to see that the condition
We cannot apply directly Theorem B sinceZ = L(nD S ) \ {0} is not compact. However, it suffices to restrict ourselves to the case z ∈ Z := S d since the compact subspace S d contains all classes modulo C * ofZ. Therefore, Theorem B says that the set
Combining with (5.3), the proof of Corollary 5.6 is completed.
Following the general idea that parametrized Diophantine equations have no or very few integral solutions under a general choice of parameters, we mention below a remarkable theorem on unit equations in the case of number fields.
Theorem 5.7 (Evertse-Györy-Stewart-Tijdeman). Let K be a number field and S a finite number of places. There exists a finite set of triples A ⊂ (K * ) 3 with the following property.
has at most 2 solutions.
Proof. See [8, Theorem 1] . Note that the natural action of K * (O * S ) 3 on (K * ) 3 is given by: (c, (u, v, w)) · (α 1 , α 2 , α 3 ) = (cuα 1 , cvα 2 , cwα 3 ).
Theorem 5.7 implies that almost all equations of the form (5.4) have no more than 2 unit solutions. As an analogous result for certain Diophantine equations in function fields, Corollary 5.6 can be directly reformulated as follows. 5.1) ). There exists a finite subset A ⊂ O * S (B 0 , ε) such that whenever ω / ∈ C * A, the equation (5.5) has no solutions. Moreover, there exists m > 0 such that we can take A having no more than m(r + 1) 2 rank π 1 (B 0 ) elements for every r ∈ N.
Note that the above last statement follows immediately from Theorem B. 
of the exact sequence (2.1) as follows. For every loop γ of B 0 based at b 0 , we define:
. Denote G = π 1 (B 0 , b 0 ) and let G be the profinite completion of G. As in the case of elliptic surfaces (Proposition 2.1), we have the following reduction result.
Theorem 5.10. Let n ≥ 2 be an integer. We have the following commutative diagram of homomorphisms of groups:
Moreover, two elements of O * S induces the same section of the exact sequence of fundamental groups (5.6) if and only if they differs by a factor in C * .
The proof of Theorem 5.10 will be given in Appendix 6.
Key lemma.
Recall that d M means the Kobayashi hyperbolic pseudo-metric on the complex space M and ρ is a fixed Hermitian metric on the smooth surface X. As in the case of elliptic fibrations, the main additional ingredient in the proof of Theorem B for ruled surfaces is the following analogous technical lemma of Lemma 3.1:
Lemma 5.11. Let ε > 0. Then there exists M > 0 such that for each z i ∈Z, we have the following data:
The proof of Lemma 5.11 applies, mutatis mutandis, the proof of Lemma 3.1 with some minor modifications. The same remark at the beginning of the proof of Lemma 3.1 shows that there exists N > 0 such that the total number of irreducible components (counted with multiplicities) of each effective divisor D z is at most N for every z ∈ Z.
Moreover, since D → B ×Z is flat, every divisor D z , z ∈Z, contains no vertical components with respect to the projection f : X → B. The divisors D z are numerically equivalent and are not contained in the curve (0) ∪ (∞) ⊂ X. In particular, it follows that for some constant N > 0, we have
By the adjunction formula, We return to the proof of Lemma 5.11. Again, the idea of the proof is the same as in Lemma 3.1 but we indicate in details the needed modifications.
Proof of Lemma 5.11. Fix ε > 0 and z i ∈Z. Recall that B 0 = B \ (U ∪ V ). Let M be the constant defined in (5.8) . We can clearly choose a finite disjoint union V i of at most M nonempty closed discs in B 0 of ρ-radius ≤ ε to cover the points of T z i \ V . Thus, we obtain the data V i for Lemma 5.11.(b). DefineD = D ∪ (((0) ∪ (∞)) ×Z) ⊂ X ×Z and for each z ∈Z, let
To show the existence of U i , c i satisfying (i), we suppose the contrary. By the continuity of ρ on the compact unit tangent space of X, there would exist a sequence (z n ) n≥1 ⊂Z such that z n → z i in the analytic topology and a sequence of holomorphic maps h n : ∆ Rn → Y zn such that R n → ∞ and |dh n (0)| ρ > 1. Here, ∆ R ⊂ C denotes the open disc of radius R in the complex plane. By Brody's reparametrization lemma (Theorem 3.3), we obtain a sequence of holomorphic maps g n : ∆ Rn → Y zn such that |dg n (0)| ρ = 1 and |dg n (z)| ρ ≤ R 2 n /(R 2 n − |z| 2 ) for all z ∈ ∆ Rn . In particular, |dg n (z)| ρ ≤ 4/3 for all z ∈ ∆ Rn/2 . It follows that the family (g n ) n≥1 is equicontinuous with image inside the compact space X| B 0 \V i . Up to passing to a subsequence, (g n ) n≥1 converges uniformly on compact subsets of C to a holomorphic map g : Now, consider any holomorphic map h : C → Y ∆ \ D 0 z i . The composition f • h must be a constant since ∆ is hyperbolic. Thus, h factors through a fibre of X ∆ \ (D 0 z i ∪ (0) ∪ (∞)). However, as each such fibre is the complement of at least 3 points in P 1 and thus is hyperbolic, h must be constant. Similarly, it is clear that each holomorphic map C → (D 0 z ∪ (0) ∪ (∞))|∆ is constant. Green's theorem 2.5 implies that Y ∆ \ D z i is hyperbolically embedded in X ∆ = f −1 (∆) (with respect to the metric ρ| X ∆ ). But since R n → ∞, we clearly obtain a contradiction using (5.9) and Remark 2.6. We have therefore proved the existence of the data in (a), (b) and (c) such that (Q) is satisfied.
5.5.
Proof of Theorem B. We can now return to the main result which will be very similar to the proof of Theorem A. Let (α 1 , . . . , α k ) be a fixed system of generators of the fundamental group π 1 (B S , b 0 ) with a fixed based
Proof of Theorem B. Fix ε > 0. We can enlarge slightly the discs in V if necessary. Then we obtain a constants M > 0 and a set of data (U i , V i , c i ) for each element z i ∈ Z as in Lemma 5.11 . Consider the open covering Z ⊂ ∪ z i ∈Z U i . Since Z is compact, there exists Z * ⊂ Z finite such that Z ⊂ ∪ z i ∈Z * U i . As c i > 0 for every z i ∈ Z by Lemma 5.11, we have (5.10) c * := min
For each z i ∈ Z * , denote by L i > 0 the maximum of the constants given by Theorem 2.2 applied to B i := B \ (V ∪ V i ) = B 0 \ V i and to each free homotopy classes α 1 , . . . , α k regarded as elements of π 1 (B i ) ⊃ π 1 (B 0 ). Let
By Theorem 2.2 applied to B i , there exists b i ∈ B i and a system of loops γ 1 , . . . , γ k based at b representing respectively the homotopy classes α 1 , . . . , α k up to a single conjugation such that γ j ⊂ B i \ R for every j = 1, . . . , k and that (5.12) length d B i \R (γ j ) ≤ L i (#R ∩ B i + 1) ≤ L i (r + 1).
The second inequality follows from #R ∩ B i ≤ #R ∩ B 0 ≤ r.
Let σ x : B → X be the section induced by x. For every j ∈ {1, . . . , k}, we find that σ x (γ j ) ⊂ (Y \D z )| B i \R ⊂ (Y \D z )| B i by the definition of (R, D)-integral points and because x ∈ O * S . It follows that:
≤ c −1 * length d B i \R (γ j ) (by (5.10) and Lemma 2.7)
≤ c −1 * L(r + 1).
(by (5.11) and (5.12))
Let δ be the ρ-diameter of X. Then the homotopy section i x associated to x of the short exact sequence (cf. the sequence (5.6) in Theorem 5.10) 0 → π 1 (Y b 0 , w 0 ) → π 1 (Y B 0 , w 0 ) → π 1 (B 0 , b 0 ) → 0 sends the basis (α j ) 1≤j≤k of π 1 (B 0 , b 0 ) to the classes in π 1 (Y B 0 , w 0 ) which admit representative loops of ρ-lengths bounded by H(r) := c −1 * L(r + 1) + 2δ. As of Theorem A, the rest of the proof follows tautologically the same lines of the proof of [22, Theorem A]. We can thus obtain a finite number m > 0 such that: #(J r,ε mod C * ) ≤ m(r + 1) 2 rank π 1 (B 0 ) , for every r ∈ N.
The only needed modification is the following. We can clearly assume that 0 < ε < 1. Consider the compact bordered manifold E ε := {z ∈ C : ε ≤ |z| ≤ ε −1 }. Remark that π 1 (E ε , w 0 ) = Z (recall that w 0 = 1 ∈ Y b 0 = C * ).
Since x ∈ O * S (B 0 , ε), it actually induces a homotopy section i x,ε of the short exact sequence 0 → π 1 (E ε , w 0 ) → π 1 (E ε × B 0 , w 0 ) → π 1 (B 0 , b 0 ) → 0. Since π 1 (E ε × B 0 , w 0 ) = π 1 (E ε , w 0 ) × π 1 (B 0 , b 0 ), the homotopy section i x,ε is determined by the π 1 (E ε , w 0 )-component of i x,ε (α j ) for every j = 1, . . . , k. But we have shown above that the induced ρ-length of certain representative loops of these components are bounded by H(r) := c −1 * L(r + 1) + 2δ. The representative loops are in fact pr 1 (σ x (γ j )) where pr 1 : E ε × B 0 → E ε is the first projection.
As E ε is compact and π 1 (E ε , w 0 ) = Z, we can thus conclude as in the proof of [22, Theorem A] by applying [22, Lemma 13.10 ]. The proof is thus completed. 6. Appendix: Proof of Theorem 5.10
Recall that Y = C * × B 0 . We regard f : Y → B 0 as a constant sheaf of (multiplicative) abelian groups over B 0 . There is a canonical short exact sequence of sheaves over B 0 induced by the exponential map:
Consider the n-th power B 0 -morphism ∧n : Y → Y . The induced differential map d(∧n) : T Y → T Y is an isomorphism since we are in characteristic 0 so that n is invertible.
The group of global algebraic sections Y (B 0 ) is naturally identified with a subgroup of Y K (K) = K * . Clearly, Y [n] := Ker(∧n) is the constant sheaf µ n on B 0 .
The map ∧n and the sequence (6.1) induce a commutative digram:
Z. The actions of the group G on Γ and on µ n are trivial (the monodromy is trivial in a trivial fibration). By [26, I.2.6.b], there is a natural isomorphism H 1 ( G, Γ) H 1 (G, Γ) induced by the injection G → G. Hence, (6.4) implies now easily the commutative diagram in Theorem 5.10.
The detailed descriptions of the involved homomorphisms can be found in [21] . The last statement of Theorem 5.10 follows directly from Proposition 5.9 and the fact that the map α : O * S → H 1 (G, Z) is a homomorphism of groups defined by α(x) = i x − i 1 (cf. (5.7) ).
